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Abstract 

There are several combinatorial methods that can be used to produce type A Demazure characters (key 
polynomials). The alcove path model of Lenart and Postnikov provides a procedure that inputs a semis¬ 
tandard tableau T and outputs a saturated chain in the Bruhat order. The final permutation in this chain 
determines a family of Demazure characters for which T contributes its weight. Separately, the right key of 
T introduced by Lascoux and Schiitzenberger also determines a family of Demazure characters for which T 
contributes its weight. In this paper we show that the final permutation in the chain produced by the alcove 
model corresponds bijectively to the right key of the tableau. From this it follows that the generating sets 
for the Demazure characters produced by these two methods are equivalent. 
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1. Introduction 


In their 1990 paper [LSI ] Lascoux and Schiitzenberger introduced the notion of the “right key” of a 
semistandard Young tableau. One of the foremost applications of the right key is presented as Theorem 
1 of RSI], which provides a type A Demazure character formula that sums over a set of semistandard 


Young tableaux whose right keys satisfy a certain condition. Several equivalent methods have since been 
introduced to compute the right key of a semistandard tableau T. The method from Wil] produces the 
“scanning tableau” S(T) for T, which was shown to equal the right key of T. 

In their 2007 paper LP[ Lenart and Postnikov introduced the alcove path model. Among many other 
applications, this model can be used to produce Demazure characters in arbitrary type. When specialized 
to type A, the Demazure characte r is g iven as a sum over certain “admissible subsets”. The type A “filling 
map” is described in Section 3 of Le2|. Its inverse inputs a semistandard tableau and outputs a saturated 
chain in the Bruhat order. These chains are in bijection with the admissible subsets. 

The main result of this paper is as follows: Given a semistandard tableau T, find its scanning tableau 
S{T). The scanning tableaux are in bijection with certain permutations; denote the permutation for S{T ) by 
<jt . Then for the same T apply the inverse of the filling map to produce its saturated Bruhat chain, denoted 
Bt- Theorem l5.4l states that the final permutation in the chain Bj- is <jt ■ Thus we have proved that the final 
permutation in Bt, which plays a role in the alcove model world analogous to the role of the right key in the 
tableau world, has a key tableau that is indeed equal to the right key of Lascoux and Schiitzenberger. The 
conjecture of this equality arose during discussions with Lenart. The connection between the two subjects 


is obtained here by forming the inverse of the filling map from Le2[. The results presented in Section 5 


make this connection completely explicit. From the main result it will follow that not only are the Demazure 
characters produced by these two methods equal, but their generating sets are as well. We achieve this by 
providing a set of semistandard tableaux that is in direct correspondence with the appr opriate admissible 
subsets. This set of tableaux is seen to equal the set of tableaux from Theorem 1 of |RSl| mentioned above. 

This paper is organized as follows: Section_2 provides the necessary familiar definitions for our work. 
Section 3 recalls the “scanning method” of [Will ] and introduces some new terminology for it. Section 4 
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provides a slightly simplified version of the inverse of the filling map from the type A specialization of the 
alcove model. Section 5 proves the main result, which is the relationship between the methods in Sections 3 
and 4. Section 6 gives the details of the Demazure character equalities that are a consequence of the main 
result. 


2. Background definitions 


Fix a positive integer n, and consider it fixed henceforth. An n-partition A = (Ai,..., A„) is a sequence of 
weakly decreasing non-negative integers. Let A+ denote the set of all ?r-partitions with \ n = 0. (Arbitrary 
n-partitions are fine for Sections 2 through 5, but we will restrict to these partitions that correspond to the 
dominant weights of type A n -i-) Fix a non-zero A £ A^\ The Young diagram of A is a diagram consisting of 
A i left-justified empty boxes in the i th row for 1 < i < n — 1. Henceforth we will simply use A to refer to its 
Young diagram. Define C; to be the number of boxes in the i th column of A for 1 < * < Ai, i.e. the length of 
the i th column of A. Let 1 < < ... < Cd < n — 1 denote the distinct column lengths of A. Set Co := 0 and 

Cd+i := n. Let fdh denote the index of the rightmost column of length Qh for 1 < h < d, and set /3d +1 := 1. 

Let (j, i) denote the intersection of the j th column and i th row of A. (We reverse from the normal 
convention because the columns play a larger role than the rows in this paper.) Write (j, *) £ A if and only 
if 1 < j < Ai and i < Cj. Define a reading order on A by (l,k) < ( j,i ) if l < j or l = j and k > i. In 
this case we say that the location (l,k) occurs (weakly) before (j, i), and thus (j, i) occurs (weakly) after 
( l,k ). We will refer to advancing a location , by which we mean increasing the location via this ordering to 
one that occurs after it. The location immediately following (j, i) is (j, i — 1), and the location immediately 
preceding it is ( j,i + 1). For the sake of convention, identify ( j,i — 1) with (j + l,Cj+i) when i = 1, and 
identify (j, i + 1) with (j — 1,1) when i = Cj. 

A filling of A is an assignment of one number to each box in A. Define the set [n] := {l,2,...,n}. An 
n-semistandard tableau T is a filling of A with values from [n] such that the values weakly increase from left 
to right within each row and strictly increase top to bottom within each column. In this case A is called the 
shape of T. Let T* denote the set of all n-semistandard tableaux with shape A. Given T £ 7\, let T(j,i) be 
the value in T at the location (j, i) £ A. Use Ci,..., C\ x to denote the columns of T from left to right; hence 
the length of Ci is c%. We say that T is a key if the values in Ci also appear in Ci- 1 for 1 < i < Ai. The 
right key of T , de note d R{T ), is a key determined by the values of T that was introduced by Lascoux and 
Schutzenberger in |hSl |. (We will not need a computational definition for R(T).) 

A permutation is a bijection from [n] to itself, and the set of all permutations is denoted S n . Given 
<f> £ S n we will often refer to its one-rowed form (</q,..., </>„); here <fii is the image of i under <f> for 1 < i < n. 
Define S „ to be the set of all (j) £ S n such that <t>Q h _ 1 + \ < ... < 4>c, h for 1 < h < d + 1. (This is the set of 
minimal coset representatives of S n /S\, where S\ is the subgroup of permutations that fix A.) Define the 
A -key of </>, denoted Y\{q !>), to be the key of shape A whose columns of length contain <f> i,..., (f>^ h arranged 
in increasing order for 1 < h < d. For an example, refer to Figure 1 in Section 4. The figure contains the 
one-rowed forms of several permutations, written vertically. Let <f> be the rightmost permutation and let 
A = (4,4,3, 2,1,1,1). Then the rightmost tableau in Figure 1 is Y\((j)). 

If A is not strict, i.e. not all parts are distinct, then there are multiple permutations in S n that will yield 
the same key. Specifically, all permutations in a given coset of S n /S\ have the same key. By the construction 
of and the definition of the key of a permutation, we see that if multiple permutations produce the same 
key, the shortest permutation in the Bruhat order that produces this key is in S It is well known that 
this key construction is a bijection from S* to the set of keys of shape A. Furt her, it can be seen that for 
0, if £ one has Y\(d>) < Y\(if>) if and only if (f> < if in the Bruhat order [BB], 


3. The Scanning Method 


The following method inputs a semistandard tableau T of sh ape A and outputs its “scanning tableau” 
S'(T), which is a key of the same shape. By Theorem 4.5 of (wi, the scanning tableau is equal to the right 
key R(T) of T. 
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Fix A £ A+ and let T £ 7\. Fix 1 < j < Ai, as the procedure is applied once to each column of A. 
Initialize the scanning paths from the j th column by P(T;j,i) := {(j, *)} for 1 < i < Cj. Technically speaking 
the scanning paths are sets of locations in A, but we will also refer to the values in a scanning path, which 
are simply the values in T at the locations in the path. The paths are constructed from bottom to top using 
the following definition: Given a sequence £ 1 , 2 : 2 , define its earliest weakly increasing subsequnce (EWIS) 
to be the sequence x ai , x a2 ,..., where ai = 1, and for b > 1 the index a& is the smallest index such that 
x ab > x ab _ i- Consider the values T(l,ci) for l > j to form a sequence and compute its EWIS. Each time a 
value is added to this EWIS, append its location to P(T;j,Cj). When this process terminates, delete the 
values and boxes in P(T;j,cj ) from T and A, then repeat the process for the new lowest box in Cj. 

In general, to compute P(T\j,i) for 1 < i < Cj\ Compute and then delete P(T-,j,k ) for Cj > k > i. 
Use the values in the lowest box of the j th through rightmost columns of the resulting tableau to create a 
sequence, and compute its EWIS. Each time a value is added to the EWIS, append its location to P(T;j,i). 

For an example, let T be the first tableau in Figure 1, located in Section 4. Its scanning paths that begin 
in its first column are indicated in the second tableau in Figure 1: A superscript of x on T(j, i) indicates 
that (j,i) £ P(T\l,x). To compute P(T;l,i) using this figure, one must imagine that the entries with 
superscripts larger than i and their boxes have been deleted from T and A. 

It can be seen that the result of deleting a scanning path always leaves a valid shape and a semistandard 
tableau. Further, once P(T;j, 1) has been computed and deleted then Cj through C\ x have been deleted. 
In other words, every location ( l,k ) > ( j,Cj ) is contained in exactly one scanning path that begins in the 
j th column. To create the scanning tableau S(T), apply the above process once for each column of T. Then 
define S(T;j,i) (the value in S(T) at the location (j,i) ) to be T(l,k), where ( l,k ) is the final location in 
P(T;j,i). Continuing the example, the third tableau in Figure 1 is S(T). 

The scanning tableau can be used to produce a permutation via the inverse of the bijection described in 
Section 2. Fix T £ 7\ and find its scanning tableau S(T). Define <jt to be the permutation such that the 
values <Jc h _!+ 1 , for 1 < h < d are the values in the columns of length £/, of S(T) that are not in the 

columns of length £fc.-i, arranged in increasing order, and <7f d +i,..., oy d+1 = a n are the values from [n] that 
do not appear in the first column of S(T), arranged in increasing order. Since S(T) is a key, this process 
is well-defined. By construction we have <jt £ S%. Further, we see that S(T) = Ia(ctt). Continuing the 
example, <tt is the rightmost permutation in Figure 1. 

Given a column l < Xi and a location (j,i) > (l, 1), for 1 < k < Ci define the most recent location of 
P(T;l,k) relative to ( j,i ) to be the latest location in P(T;l,k) that occurs before ( j,i ). Computationally, 
this restriction simply truncates the sequences from which the EWIS’s will be computed, and hence truncates 
the P{T;l,k). The most recent value of P{T ; \l,k ) relative to (j, i) is the value in T at the most recent location 
of P(T;l,k ) relative to ( j,i ). Continuing the example, in the second tableau let (j, i) = (3,3), l = 1, and 
k = 5. Then the most recent location of P(T ; 1, 5) relative to (3,3) is (2,3), and the most recent value is 7. 

Lemma 3.1. The most recent value of P(T\l,k) relative to (j,i) decreases as k decreases. 

Proof. Fix 1 < l < Ai. Let 1 < h < k < ci and (j, i) > (l, 1). Let (a, b) and (x, y ) be the most recent locations 
of P(T;l,h) and P(T;l,k) relative to (j,i) respectively. Since P(T;l,k) is computed before P(T;l,h), the 
location (a,b) is in the shape used to compute P(T;l,k ) and was not appended to P(T;l,k). Let (a, b') 
denote the bottom location of the a th column when P(T;l : k) was computed, i.e. the value T(a,b') is in 
the sequence whose EWIS is used to determine P(T;l,k). It is easy to see from its definition that the final 
value in the EWIS obtained from a finite sequence is the largest value in that sequence. Further, the EWIS 
contains all occurrences of the largest value. From this we have T(x, y) > T(a, b'). 

If b' = b, then T(x, y) = T(a, b) would mean that (a, b) was appended to P(T\l , k), which is false. Thus 
T(x,y) > T(a,b). Assume b' > b. By the column-strict condition on T, we have T(a,b ') > T(a,b). Thus 
T(x,y) >T(a,b') > T(a,b). □ 

Lemma 3.2. Fix 1 < l < Ai and ( j,i ) > (l, 1). The path from the I th column that contains ( j,i) is the path 
with the largest most recent value relative to ( j,i) that is less than or equal to T(j,i). 

Proof. As k decrements from c;, compute and delete the P(T;l,k) until ( j,i + 1) has been deleted. The 
column-strict condition on T and the definition of EWIS imply that the most recent values relative to (j, i) 
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from these paths are larger than T(j,i). The definition of EWIS also guarantees that the remaining paths 
will not append (j,i) if their most recent value relative to (j,i) is larger than Continue to compute 

and delete the scanning paths until reaching the first path whose most recent value relative to (j, i) is less 
than or equal to At least one such path must exist, namely the path that contains (J — l,i). Lemma 

13.11 implies that this most recent value relative to ( j , i) is the largest such value. Clearly this EWIS will 
choose T(J,i) and so this path will append □ 


4. Applying the alcove model in type A to semistandard Young tableaux 

The “filling map” from the type A specialization of the alcove model is presented in Section 3 of & 
Its inverse inputs a tableau T of shape A and outputs a saturated chain in the Bruhat order. We are most 
interested in the final permutation in the chain, which will be denoted ttt■ This i nve rse procedure consists 
of repeated application of the “greedy algorithm” described in Algorithm 4.9 of Le2j | to the locations in T 
in a certain order. The author is indebted to Lenart for explaining how to use Algorithm 4.9 to describe the 
inverse of the filling map. Here we provide the details of a shortened version of this procedure to see how 
the values in T produce ttt . The distinction between it and the full version will be discussed below. 

Fix A £ A+ and T £ T\. The following inverse procedure will produce one permutation for each location 
in A between (1,1) and (Ai,l) inclusive in the reading order. The locations are indicated as superscripts. 
As the locations advance through A, the permutations increase in the Bruhat order. The first permutation 


is 7 iA 1 ’ 1 ) := (ttJ 1,1 ), ..., 7 r^ 1 ’ 1 )) whose first ci entries are the values in C\ (maintaining the increasing order), 
and whose final n — c\ entries are the remaining values of [n] (also in increasing order). As (j, i) advances 
from ( 2 , 02 ) to (Ai,l), the procedure produces 7 ^’*' from based on the relationship between Cj-\ 

and Cj. More specifically, the procedure uses to produce a permutation whose i th entry is T(j,i), 

without changing any other entries from 71 -wA+i) whose index is less than or equal to Cj. From this we see 
that at an arbitrary location (a,b) > (1,1), the permutation Tr( a ’ b '> has 7 rj: a ’ b ' ) = T{a — 1 ,k) for 1 < k < b, 
and = T(a, k) for b < k < c a ■ The procedure to produce 7 r^’^ from 7 T^’* +1 ) is as follows: 


Since T is semistandard, we have T(j — l,i) < T(j,i). If T(j — \,i) — T(j,i), set 7 r 
Otherwise, the semistandardness of T and the previous paragraph imply that T(j,i) = 7 r 
k > Cj. In this case, perform the following greedy algorithm: Initialize the index ig := i, so we have 


(j,i) = 

CM+1) 


TrCM+i). 

for some 


i) 


= T(j — 1 ,i). Find the smallest index i\ > Cj such that n. 


O'A+i) 


< 7T 


O'A+i) 


< T(j,i). If 7C 


(j,i+ 1 ) 


< 


find the smallest index *2 such that 7 r 
until finding i r 


O'A+i) 


< 7T, 


CM+1) 


< T(j,i). Repeatedly obtain such indices 


such that 7 T^ t+1) < ... < 7 rfff +1) 


= Then set := 


liA 


:= 7 rp’* +1 \ For 1 < a < n such that a ^ i x for any 0 < x < m, set 7r a’ 1 ' 1 


:= 7 T; J ’ ?+1 ' > for 1 < x < m and 

lx-1 — — 

:= TTa’ l ' +1 ' 1 ■ This completes 


the creation of 7 and we say that the greedy algorithm has been executed at (j, i). Once the algorithm 
has been executed at (Ai, 1), our final permutation 7r( Al,:L ^ =: 7 tt has been produced. 

For an example, refer to Figure 1 below. Let T be the first tableau in the figure. The 10 (= 1 + 4 + 
3 + 2) permutations displayed vertically are tt*- 1 ’ 1 ), 7t^ 2,4 ), 7r ( ' 2 ’ 3 q ..., 7r^ 4,1 ) = 7 tt- An asterisk on an entry in 
ti-CO+i) i nc ti ca t es that it is chosen during the production of 7 r^’^. 


Lemma 4.1. Fix 1 < h < d+ 1. For ( j,i ) > (/3ft,, 1) we have 7r|A* i+ i < ... < 7r 


r C7,») 

ih 


Proof. For 1 < h < d, it is easy to see that 7ri /3fe ’ 1) = T(/3h,x) for 1 < x < (h- So the column-strict condition 
on T implies the result at (/3ft, 1). Note that the h = 1 case has been completely proven, since j3± = Ai. 
When h = d + 1, the definition of implies the result at (1,1). Now for any 1 < h < d + 1, assume 

that Trg’^ < ... < tt^’ !+1 ' 1 where ( j,i + 1) > (/3ft, 1). Let x be the smallest index and y the largest index 
satisfying £ft_i + l<x<y<(h such that the greedy algorithm executed at (j,i) chooses TTx’ l+1 ' > and 
7 Ty’ 1+1 \ If no such indices exist the result follows trivially. Otherwise, let i < z < (,h-i be the largest index 
less than x such that 7ri J ’ I+1 ^ is chosen by the greedy algorithm at (j , i). Clearly 7 ^ < 7ri J ’ l+1 ^ < nx ’ t+1 ^, 
with equality in the former if and only if z = x — 1. If x = y, then < 7 < 7 (If x = (h 
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1 1 1 
2 2 2 * 
4 4* 7 
5* 8 8 
6* 5* 4 
8* 6* 5 
9 9 9 
3 3 3* 
7 7* 6 


1 1 1 

3 3 3* 

7 7* 9 

8 8* 7* 

4 4 4 

5 5 5 

9 9* 8 
2 2 2 

6 6 6 


1* 5 5* 

7 7* 9 
9 9* 7* 
3* 1 1 
4* 3 3 
5* 4 4 

8 8 8 * 
2 2 2 
6 6 6 



Figure 1: Example tableaux and permutations 


the latter should be ignored.) When is created nx’^ = 7i4 J,l+1 ) and 7= 7r£ J4+1) for all other 

(h -1 + 1 < a < (h, and so the result follows. 

If x < y, the induction hypothesis implies that all of Ttx' l+1 \'Kx+i 1 \ ..., TTy’ l+V> are chosen by the greedy 
algorithm at Then = 7ri 44+1 \ and 7 rjf’^ = 7r^ , 1 hl ' > for x + 1 < b < y. Further we have 7 t£ 7 ’*) = 


TrOb+b f or + 1 < a < x and y < a < ( h . Since 7r^\ +1 ^ < < TTx , ' l+1 ' > 

the result follows for n^ ,l \ 


< ... < 7r 


0',*+i) 
v- 1 



At (j, i) = (Ai, 1), the statement of the lennna for 1 < h < d + 1 says that: 
Corollary 4.2. For any T £ 7\, we have tt t £ S*. 


The remaining paragraphs in this section describe the connection between the above method and the full 
version of the inverse of the filling map. First note that if m > 1 when the greedy algorithm is executed 
at (J,i), then there are permutations between 7 r^ ,l + 1 ) an d 7i-0>*) in the Bruhat order. The full version of 
the inverse of the filling map yields m — 1 permutations between 7 T^’*+ 1 ) an( i n C?>») : After obtaining 7 r(t>*+ 1 ) ; 
produce 7 r^’*+ 1 ; 1 ) by interchanging only 7 r£|’* +1 ) a nd 7 r^’* +1 ) an d leaving the remaining values unchanged. 
The next permutation 7 r^’*+ 1 ; 2 ) j s produced by interchanging 7 r|^’* +1 ’ 1 ) w jth 7rj^’* +1 ’ 1 ) (and leaving the rest 
unchanged). This process repeats until 7r^’* +1,m ^ is interchanged with 7r-^* +1,m ^ to produce 7 r(-D+ 1;m ) = 
7 r ( J ’*). The resulting chain 7r^’* +1 ^ < 7 T^ ,l + 1 ; 1 ) < ... < 7r (i.*+ 1 ;m- 1 ) is saturated, as is the chain from 

7tA 4) to 7 tt obtained in this fashion. 

For an example, the full version of the inverse of the filling map produces 2 permutations between the sec¬ 
ond and third permutations (7r^ 2,4 ^ and 7r^ 2 ’ 3 )) displayed in Figure 1. They are 7 r( 2,4;1 ) = (1, 2, 5,8,4,6, 9,3, 7) 
and 7 rf 2,4 ’ 2 ) = (1, 2,6, 8,4, 5,9, 3, 7). 

In addition, the full version of the inverse of the filling map begins with the identity permutation which 
we will denote 7r^ 0,0 b Let Co be a column of length n whose value in row i is i. Then the process from the 
previous paragraph is executed at the locations (l,ci) through (1,1) to obtain a saturated chain from 7r(°’°) 
to 7 tA 4). Let Bt denote the result of combining these chains to produce a saturated chain from 7^°’°) to 7 tt- 
Then Bt is the saturated chain produced by the full version of the inverse of the filling map in the alcove 
model specialization in type A. 

Lastly, for c £ [n — 1] define r(c):=((c,c+l),(c,c+2),...,(c,n),(c—l,c+l),...,(c—l,n),...,(l,c + 
1),..., (l,n)). Then define T(A) to be the concatenation of r(ci), r(c 2 ), • ■ ■ ^(caJ- For T £ Ta, the set T(A) 
is the ordered list of all transpositions that may be applied to produce the permutations in Bt- Let x denote 
the number of elements in T(A), and consider the list to be indexed from 1 to x. Each time a transposition 
in T(A) is applied during the creation of Bt , underline it. Define Jt Q [a;] to be the indices of the underlined 
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transpositions. Then Jt is called an admissible subset. (The original Ihe l[ definition for a subset of [a;] to 
be admissible is that its corresponding chain in the Bruhat order is saturated, which is a consequence of the 
construction above.) Also note that given an admissible subset J, one can reverse this procedure to find its 
corresponding tableau Tj. That is: given an admissible subset J, form the Bruhat chain corresponding to J 
and let T j be the tableau whose j th column contains the first Cj entries of for 1 < j < Ai. See Section 


3 of [Le2 ] for full details. 


5. Equivalence of the scanning method and the type A alcove model 

Given A £ A+ and T £ Ta, fix a column 1 < l < Ai and a location (/, 1) < (j,z) < (Ai, 1). Consider the 
paths P(T\l,k ) originating in the I th column. Let U(T;l,j,i) denote the set of the most recent values in 
these paths P(T; l, k) relative to (j,i — 1). Let [/(T; Z, Ai, 1) be the set of final values in these P(T; l,k); these 
are the values S(T; l, k) for 1 < k < cp Note that T(j, i) £ U(T\l,j , i ) for all (j, i) > (1,1). For the rightmost 
column only the final location is of interest. Let U(T; Ai, Ai, 1) be the set of values in the rightmost column 
of T (and hence in S(T) ). For an example, let T be the first tableau in Figure 1. Let l = 1 and (j, i) = (3, 2). 
Then U(T; 1,3, 2) = {1,3,4, 5, 7,8, 9}, based on the locations (2,1), (2, 2), (1,3), (1,4), (3, 2), (2,4), and (3, 3). 
For T £ 7\, let < ... < ti-AiA) = 7 r T be the (unsaturated) chain produced by the alcove model in Section 


4. For (1,1) < (j,i) < (Ai, 1) and 1 < y < n, define II y’ 1 ' 1 := {7r)' 


SoA 


Sod) 


}■ 


Proposition 5.1. Fix 1 < h < d. For ( j,i) > (/3h, 1), we have 11^’^ = U(T; j3h,j,i). 

Proof. It is easy to see that n^ 1 ’ 1 ^ = {T(j5h, 1),..., T(/3h, Ot)}- Further, the paths used to compute 
U(T-/3 h ,l3 h , 1) contain only their initial locations from Cp h . So U(T;/3 h ,/3 h ,l) = {T(/3 ft , 1),...,C/i)}> 
and the base case is established. Again the h = 1 case has been proven, so fix 1 < h < d. Let ( j , *+l) > (/3^, 1) 

= T(j,i) be 


and assume that II 


Ud+ 1) 


Ch = U ( T: > Ph,j, i + !)• Let 7r> 


O‘A+1) 


= Af +1> < A' +1) < - < 4;* +1> 


the values chosen by the greedy algorithm at (j, i). 

If IljA 0 = n^’ i+1) , then i m < (h and T(j,i ) = n a £ II^’ i+11 for some 1 < a < C,h- By the induction 
hypothesis there exists T(l,k ) £ U(T\ + 1) such that T(l,k) = n a ■ By Lemma 13.21 the path whose 

most recent value is T(l,k) will append (j,i). So T(l,k) is still the most recent value of this path, and the 
other paths are unchanged. Thus U(T; (3h,j,i) = U(T\j3h,j,i + 1), and the induction hypothesis gives the 
result. 

Assume 11^’^ ^ n^’ i+1) . In this case i m > Qh, be. the value T(j , i) is not in II^' ,+1) . The value of 7q will 


change to n inl = T(j,i), i.e. we have T(j,i) £ 11^’^. Let 7r& denote the largest value in IIV' 1 " 1 ’ 1 ' 1 that is less 


OA+i) 


than T(j, i). Recall that 7r^ 7,i+1 ' ) = T(j — 1, k) for 1 < k < i and = T(j, k ) for i + 1 < k < Cj. Thus 

the semistandardness of T ensures that b = i or b > Cj , and so 7r& will be chosen by the greedy algorithm. By 
construction, the index b is the largest index less than or equal to ^ that the greedy algorithm will choose. 
In other words, the new index for the value Wb in 7 x^’ 1 ) w iH be larger than fh- Thus 7Tf, 11^’^. In summary 

n S <) = ( n .a +1) \{^})U{rO-,i)}- 

By the induction hypothesis irb = T(l,k) for some T(l,k ) £ U(T\fih,j,i + 1). By the construction of 

7T6, the value T(l,k ) is the largest value in U(T-, /3h,j,i + 1) less than T(j,i). Again by Lemma 15721 the 

path whose most recent value is T(l,k) will append (j, i). So T(j,i) is now the most recent value of a 
path but T(l,k ) is not. The remaining paths are unchanged. In summary U(T-, /3h, j,i) = ( U(T; j3h, j,i + 
1)\{T(/, k)} ) (J {T(j, *)}• Since 7Tb = T(l, k ), the induction hypothesis implies the result. □ 

For 1 < x < n, write 7 tt x for the X th entry of ttt- After the greedy algorithm has been executed at (Ai, 1) 
we have n^ l4) = {tt T i , ..., n T(h } for 1 < h < d. Also, the set U(T- fi h , Ai, 1) = {S(T-,/3 h , 1),..., S(T- /3 h , ( h )} 
for 1 < h < d. 

Recall that <jt is the permutation corresponding to S(T). Then for A £ A+ and T £ T>, we have: 

Corollary 5.2. Fix 1 < h < d. Then ■■■, 7Tt c } = {oTj., ctt ( }■ 


Sbd+ 1) 











Corollary 5.3. For any T E T>, we have Y\{ht) = S(T). 


Corollary 15.31 is the most direct way that we know of to show that S(T) is indeed a key. Since both ttt 
and <tt are in S A , we see that the final permutation produced by the inverse of Lenart’s filling map Le2j is 
the permutation that corresponds to the scanning tableau: 


Theorem 5.4. Let T E T\ and let tit be the final permutation in the saturated Bruhat chain produced by 
the inverse of the filling map in the type A specialization of the alcove model. Then tit = <tt- 


Finally, since [Will ] showed that S(T) = R{T ), we see that the key of the final permutation produced by 
the inverse of the filling map is the right key of T introduced by Lascoux and Schiitzenberger in [LSI ]: 


Corollary 5.5. Let T Then Y\(tit) = R(T). 


6. Demazure Character Consequences 


To keep this paper purely combinatorial we use Theorem 1 of RSlj to define the Demazure character 
dx,w{x), also known as the “key polynomial”. For A E A+ and w E Sf, define the set of tableaux T>x, w := 
{T E 7\ | R(T) < Y\(w) } = { T E 7\ \ S(T) < Y\(w) }. For a set of indeterminates xi, —,x n , define 
x T := x b f ... where is the number of V s in T. The Demazure character for X and w is d\ iW (x) := x T , 
where the sum is over T)\ >w . 

For the connection to representation theory see, for example, the appendix of lPW| . In particular, all 
of the Demazure characters for sl n ( C) can be produced in this fashion (with their exponents shifted to be 
integers). 

Theorem 16.21 below does follow immediately from Corollary 15.51 but a stronger connection can be estab¬ 
lished: In [lISa ] Reiner and Shimozono present a tableau description of a condition from LMS] to determine 
whether or not a given tableau is in Fix T E 7a and denote its columns C \,..., C\ 1 . Let (l 31 ) be the 

partition consisting of x ones, i.e. whose Young diagram is a single column of length x. A defining chain for 
T is a sequence of weakly increasing elements in the Bruhat order w 1 < ... < w Al such that = Cj 

for 1 < j < Ai. Then T E T>\. v , if and only if there exists a defining chain {uA} for T with w Xl < w in the 


Bruhat order. Lemma 7 of RS2| is attributed to Deodhar and states that every T has a minimal defining 
chain. That is, there exists a defining chain w; 1 < ... < w Xl for T such that if v 1 < ... < u Al is a defining 
chain for T then w J < v J for all 1 < j < Ai. Thus T E T)\ tW if and only if its minimal defining chain {vA} 
has w Xl < w. 

They then define the canonical lift w(T) of T to be the shortest permutation in the Bruhat order such 
that Y^j^(w(T)) equals the j th column of R{T) for 1 < j < Ai . Let A J and denote the results of 
removing Cj+ 1 ,..., C\ 1 from A and T respectively. Lemma 8 of [R.S2| states that the minimal defining chain 
w 1 < ... < w Xl for T has wd equal to the canonical lift of T J for 1 < j < Ai. Equivalently, in the minimal 
defining chain w J is the shortest permutation such that Y\, (w 1 ) = S(T for 1 < j < Ai. 


Proposition 6.1. Fix T E T\. Let {w- 5 } be its minimal defining chain, and let 
be its Bruhat chain produced by the alcove model. Then wd = for 1 < j < Ai- 


< 


< 7r 


(Ai.l) 


= 71T 


Proof. For 1 < j < Ai, the location (j, 1) is the last location in XT Since the production of tit applies the 
greedy algorithm as the locations advance from (1,1) to (Ai, 1), the construction of j s independent of 
the columns to the right of Cj. In other words 7r^’ 1 ) = lrTj) q ie final permutation when the greedy algorithm 
is applied to TT Thus Corollary 15.31 gives Y x j( 7rl J,1 l) = S'(T J ). By Corollary 14.21 we have n^’ 1 ) g S^f, so 
n^’ 1 ) is the shortest permutation satisfying the previous condition. □ 

As an example, when T is the first tableau in Figure 1, the first, fifth, eighth, and tenth permutations in 
Figure 1 make up the minimal defining chain for T. Applying the proposition for j = Ai we see that: 


Theorem 6.2. Let T E T> and w E S' A . Then T E D\ :W if and only if tit < w. 




























Lastly, Theorem 3.6 (3) of |Lel| presents a Demazure character formula for A and w obtained by summing 
the weights of all admissible subsets whose corresponding saturated chain has its final permutation less than 
or equal to w. Let Ad{X 1 w) denote the set of admissible subsets from this theorem that contribute to the 
Demazure character for A and w. It is known that the process of constructing the tableau Tj from an 
admissible subset J described in Section 4 is a bijection from Ad{ A, w) to the set of corresponding tableaux. 
Define A\, w := {Tj G Ta | J G Ad(X,w)}. The following result is clear once the above constructions are 
understood: 


Corollary 6.3. Fix A G A+ and w G S*. Then Da,™ = A\^ W . 

Proof. The process of finding the minimal defining chain for T, expanding it to the saturated chain Bt 
via the inverse of the filling map, and subsequently finding its admissible subset Jt is the desired bijection 
between the generating sets from Da,™ to Ad(X,w). □ 
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